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Analytical and Experimental Comparison of Probabilistic
and Deterministic Optimization
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The objective of this paper is to evaluate experimentally the gain in reliability that can be achieved in the
design of a system by using probabilistic optimization instead of deterministic optimization. The design of a truss
structure, equipped with tuned dampers and subject to constraints on the dynamic response amplitudes, is used
for the investigation. The locations of the dampers and of tuning masses added to the truss are used as design
variables. The properties of the dampers are the main sources of uncertainties. The deterministic and probabilistic
optimizations are performed with genetic algorithms. Probabilities of failure are measured in the laboratory by
testing multiple realizations of deterministic and probabilistic optimum designs. Predicted and measured values
of the reliabilities of the concurrent designs are compared. For a design problem selected to maximize the contrast
in reliability between the two optimum designs, the probabilistic optimization provided a large improvement in
reliability compared with the deterministic optimum design. This improvement was confirmed by experiments.

Introduction

S TRUCTURAL design optimization is usually based on analyt-
ical models, which depend on geometric, loading, and material

properties. These properties are random in nature, and accordingly
the performance of the structure is uncertain. In deterministic op-
timization the uncertainty in performance is compensated for by
safety factors, but this approach can lead to either unreliable or
overdesigned systems. Probabilistic optimization, on the other hand,
attempts to use knowledge about the statistics of the uncertainties in
the system to predict—and minimize—the probability of violating
given performance requirements.1

Several studies have shown analytically that probabilistic opti-
mization provides safer designs than deterministic optimization.2"4

However, because of incomplete knowledge of probability distribu-
tions and of modeling uncertainties, we can only predict a nominal
probability of failure, which can be significantly different from the
actual one.5'6 Experiments are then needed to answer the important
question, whether probabilistic optimization based on such nominal
probabilities of failure can still yield better designs than determin-
istic optimization.

To our knowledge no such experimental comparison between de-
terministic and probabilistic optimization has been performed yet.
This may be because to verify safety experimentally we need to mea-
sure the performance of a large number of random realizations of
deterministic and probabilistic designs corresponding to the same
design problem. This could be difficult, since we would have to
build, compare, and possibly destroy a large number of sample
structures.

In this paper we employ an experimental setup that allows us
to compare probabilistic and deterministic optimization with inex-
pensive, nondestructive experiments. To reduce the number of ex-
periments needed to measure the difference in probability of failure
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between the two designs, we identify design problems that maximize
the contrast between the two approaches. To achieve this, we use a
process known as antioptimization7"11 or contrast maximization.

Our demonstration problem is a truss with passive dampers, where
the main source of response uncertainty is the variability in the prop-
erties of the nominally identical dampers. The uncertainties are
quantified by measuring the properties of a large number of dampers.
We compare experimentally the probabilities of failure of two al-
ternative designs, one obtained from deterministic optimization and
the other from probabilistic optimization. The design requirements
are expressed as upper limits on the acceleration at given points on
the structure and within prescribed frequency ranges, for a given
excitation. Both designs are subject to the same requirements and
resource limits. Probabilities of failure are measured by testing mul-
tiple realizations of the structure assembled with different dampers.
This procedure allows us to circumvent the problem associated with
the excessive cost and labor that is required when comparing prob-
abilistic and deterministic optimization, because it is relatively easy
to construct many nominally identical dampers and test them on the
truss structure. The probabilistic and deterministic optimizations as
well as the antioptimization are performed using genetic algorithms.

In the rest of the paper, we first describe briefly the truss and
dampers used in this study, their respective models, and the analysis
techniques for estimating the vibration amplitude and probability
of failure of a truss design. The alternative formulations of the de-
terministic and probabilistic optimization problems are presented
next. Then the experimental procedure for comparing the determin-
istic and probabilistic designs is described. Finally an approach that
reduces the sensitivity of the probabilistic optimum design to mod-
eling errors is presented.

System Description
The structure used in this study is shown in Fig. 1. It is a short,

beamlike truss assembled from 30 tubular aluminum members with
steel end fittings, connected through 12 spherical aluminum nodes.
The truss is about 1 m (40 in.) long and weighs about 4.4 kg (9.6 Ib).
Three nodes are attached to a base made of thick steel and aluminum
plates mounted on the laboratory wall. Detailed description of the
truss can be found in Ref. 12.

The first three natural frequencies of the truss are about 100,130,
and 193 Hz. Local bending modes occur at frequencies equal to or
higher than 280 Hz. Our truss model neglects bending, and therefore
it is useful only for the first three modes. The inherent damping in
the second mode is much higher than in the other two modes. This
is attributed to coupling between the structure and the wall, which
is not included in our analytical model. For that reason, only modes
1 and 3 are considered in this study.
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Fig. 1 Laboratory truss.
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Fig. 2 Tuned damper design.

The structure is equipped with tuned dampers to reduce the dy-
namic response of the first and third modes. The tuned dampers
were specially designed for this study. They consist of symmetric
cantilevered beams that carry adjustable tip masses and are attached
at their middle point to a node of the structure. The first bending
mode of the beams is tuned to a natural frequency of the truss to
maximize the energy that the tuned dampers absorb.

Figure 2 is a schematic sketch of a tuned damper. The beam is a
sandwich of two thin plastic sheets and an inner core of viscoelastic
acrylic foam. A plastic tip block is glued to one of the plastic layers
at each end of the beam. A steel tuning screw is threaded into each of
these blocks. This allows the fundamental frequency of the damper
to be adjusted by moving the center of gravity of the tip masses in
and out.

Two slightly different versions of this design (we will refer to them
as type-1 and type-3) are used to target the first and the third natural
frequencies of the structure. Type-1 can be adjusted from about
98 Hz to about 116 Hz; the range for type-3 is about 170-204 Hz.

The mass of the dampers is very small compared with the mass of
the structure. Both types weigh about 10 g, which represents about
0.2% of the total mass of the truss. Despite their size, these dampers
provide very significant damping to the truss. For example, adding
one type-3 damper to the structure in a quasioptimal manner (i.e.,
tuned to the frequency of mode 3 and located at the node and the
direction that correspond to the largest amplitude of vibration in the
third mode shape) makes the amplitude in mode 3 more than 20
times smaller.

Note that the natural frequency of the damper is the most im-
portant parameter to determine its effectiveness. The tuned damper
does not significantly affect modes of the truss that are far from the
tuned frequency of the damper. This implies that at least one damper
per target mode is needed.

Modeling and Analysis Techniques
Truss Structure Model

Each member of the structure is modeled as a six-degree-of-
freedom (DOF), three-dimensional rod finite element defined by
its mass and complex stiffness k(\ + ir))9 where k is the stiffness
and r\ is the loss factor of the member used to model inherent damp-
ing. The bending stiffness of the rod elements is zero. Consistent
mass matrices are used to represent inertial properties of the mem-
bers. Each node is modeled as an infinitely stiff concentrated mass
equal to the measured mass of the physical node.

The values used in the model for the masses of the members and
nodes and for the stiffnesses of the members are the mean values of

Fig. 3 Finite element model of the truss.

series of measurements performed on a large number of members
and nodes. Details on these measurements can be found in Ref. 12.
The flexibility of the base (wall) is simulated in the finite element
model of the structure with nine springs with complex stiffnesses
(three per attached node, one normal to the base, and two in the
plane of the base), as shown in Fig. 3. With these support springs,
the finite element model of the truss contains 36 DOF.

1\med Damper Model
A simplified two-DOF model was devised for the tuned dampers.

This model consists of two masses—a base mass ra() attached to the
node and a tip mass m—which are connected with a spring of com-
plex stiffness k(\ + irj). Four parameters are needed to completely
define the damper model. The total mass mT, the tip mass m, the
natural frequency /„, and the loss factor r\ representing the damping
effect of the viscoelastic layer will be used in this study.

Except for the total mass that can be measured on a scale, these pa-
rameters are not directly measurable because of the simplifications
used in the model. To estimate the remaining three parameters the
damper is attached to the moving coil of an electromagnetic shaker
(MB Electronics, model EA1500) and the transfer function from
base acceleration to base force is measured using a sine dwell tech-
nique. A three-parameter least-squares fit is then performed using
MATLAB13 on the imaginary part of the measured transfer function
and provides estimates for m, /„, and 77. Details on the experimental
setup used for measuring the parameters of the tuned dampers are
given in Ref. 12.

To include the tuned damper in the finite element model of the
truss, we created a special four-DOF element. This element mod-
els the dynamics of the damper in the direction orthogonal to the
sandwich beam, as well as the added mass effect in the other di-
rections. Each damper adds one DOF to the model of the structure.
The remaining three DOFs correspond to the three components of
displacement of the node to which the damper is attached and are
shared with the existing model of the truss. With two dampers on
the truss, the number of degrees of freedom increases to 38.

Evaluation of Peak Response
The design requirements are related to the largest accelerations at

specific nodes under unit excitation and within prescribed frequency
windows. These peak accelerations are evaluated in the frequency
domain using the following numerical procedure: the frequency re-
sponse function (FRF) from excitation force to response accelera-
tion is computed using the mode superposition method, which is
described next. The magnitude of the FRF is evaluated numeri-
cally with a relatively coarse step size within the frequency win-
dow of interest. The peak is first located approximately using a
simple slope-reversal search (the slope is approximated with for-
ward differences). The location of the peak and the corresponding
value of the FRF are then refined by second-order interpolation
between the approximate peak and the two neighboring points in
the FRF.

Two-Mode Approximation
The mode superposition method mentioned earlier requires the

first few eigenvalues and eigenvectors of the truss with tuning
masses and dampers. Obtaining exact eigenvectors and eigenval-
ues for a truss with two dampers requires solving a generalized
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Fig. 4 Existence of multiple failure regions for a truss equipped with
tuned dampers with random parameters.

complex eigenproblem with 38 DOF. The computational expense
associated with this operation is prohibitive in the context of genetic
optimization.

To reduce computational expenses, we use an approximate two-
mode model that is valid when no more than one damper is used
for each structural mode. It uses a reduced basis made of one mode
(either first or third, depending on the frequency of the peak) of the
truss without damper plus one Ritz vector. The Ritz vector contains
zeros everywhere except at the DOF associated with the damper.
An analytical expression for the frequency response function from
excitation force to response acceleration is easily derived for the re-
sulting two-DOF model and is used instead of the numerical eigen-
solution and mode superposition method. This analysis has to be
repeated with a different basis for each mode of interest but avoids
the numerical solution of the eigenvalue problem. It is about 50 times
faster than the full analysis. The associated error is about 10%.

Probabilistic Analysis
For the probabilistic optimization, we need to evaluate repeatedly

the probability of failure of the system. Failure occurs when the ac-
celeration at given points on the structure exceeds a prescribed limit
value (see the section titled Deterministic and Probabilistic Design
Formulations for details). The amplitude (or acceleration) of vibra-
tion near resonance of a structure is highly nonlinear in the structural
parameters. For that reason, a mean-value-based first-order covari-
ance propagation method cannot be used.14 In addition, because of
the complex, nonlinear relationship between the parameters of a
tuned damper and the magnitude of the peak response of a truss
equipped with that tuned damper, failure can occur at both tails
of the damper distribution [multiple most probable failure points
(MPFP)]. This is illustrated in Fig. 4, which shows a hypothetical
distribution of the natural frequency of a tuned damper. The other
curve in the figure shows the peak amplitude of the structural mode
as a function of the damper natural frequency. The total failure prob-
ability is the sum of the probability of failure of the two MPFPs.
However, a second moment method may grossly underestimate the
probability of failure, because it finds only one MPFP. There is no
guarantee that a second moment method will find the MPFP that has
the largest probability of failure. Furthermore, there are situations
where failure probabilities of both MPFP must be taken into ac-
count. Therefore, although second moment methods are faster, we
used Monte Carlo simulation to evaluate the probabilities of failure.

In general, Monte Carlo simulation is expensive computationally
and can be used only when the cost for one analysis is small. In
our study the problem is relatively simple and use of the two-mode
approximation makes Monte Carlo simulation affordable. For more
complicated problems, other methods such as integrated analysis
and design (e.g., Ref. 15) and methods using response surface poly-
nomials to estimate the response of the structure for many values of
the random variables and the design variables (e.g., Ref. 16) can be
used.

To evaluate the required sample size N, we used the formula17

1-p
pCOVl (i)

divided by the mean) of the probability of failure. In this study, we
work with probabilities of failure of the order of 0.1, and we accept
a coefficient of variation of 0.1. Substituting these values in the pre-
ceding formula, we get that the minimum value of N must be 900.
We chose a sample size of 1000. The standard deviation in the evalu-
ated probabilities of failure associated with that sample size is then17

1000 (2)

where p is the anticipated probability of failure and COVP the
desired coefficient of variation (defined as the standard deviation

Because the total mass of the dampers has very little scatter, it was
assumed deterministic in the simulations. The three remaining pa-
rameters (natural frequency /„, tip mass m, and loss factor 77) of
each damper were found to be approximately normally distributed
random variables. Their mean values, standard deviations, and coef-
ficients of correlation were evaluated from series of tests (see the Re-
sults section). A complete 1000-point Monte Carlo simulation uses
about 12 s of CPU time with the two-mode approximation and about
500 s with the full analysis (using an IBM 3090 in vectorized mode).

Deterministic and Probabilistic Design Formulations
The objective of the optimizations is to limit the largest acceler-

ations at specific nodes and within prescribed frequency windows.
The design variables can include design parameters of the damping
devices and the truss itself, as well as the locations of the damping
devices on the structure. In actual structures some or all design vari-
ables as well as other parameters of the model are uncertain. They
are considered random variables in the probabilistic approach. Only
the nominal (mean) values of the design variables and model pa-
rameters are used in the deterministic approach. The same resource
limits are used in both formulations. Our goal is to evaluate ex-
perimentally the gain in reliability (or equivalently, reduction in
probability of failure) when using the probabilistic formulation vs
the deterministic optimization for the truss design problem.

We consider the following scenario: the truss has been designed
with one damper for each mode (modes 1 and 3 only) to limit
dynamic response accelerations. A large number of trusses and
dampers have been manufactured and samples have been tested.
The tests have revealed a significant mistuning of the dampers that
will result in poor overall performance of the damped structure. We
assume that the dampers cannot be modified to improve their tun-
ing. However, tuning masses can be easily added to the nodes of the
truss to modify its natural frequencies and improve tuning. These
tuning masses have a fixed magnitude (16.6 g), and to limit the added
weight, a maximum of 10 masses can be used. Also, the locations of
the two dampers on the structure can be modified. The problem con-
sists of optimally redesigning the system by adding tuning masses
and moving the dampers to ensure satisfactory performance.

We assume that the properties of the truss are deterministic, be-
cause the same truss is used for all realizations of the complete
system. By adjusting the stiffnesses and loss factors of the nine
springs (see Fig. 3), as well as the loss factor of the structural mem-
bers (assumed to be the same for all members) we can match the
measured natural frequencies and damping ratios of the structure
without dampers or tuning masses. With this assumption, the para-
metric uncertainties in the system are limited to the properties of the
tuned absorbers and the different realizations of the system are cre-
ated by attaching different copies of the dampers to the same truss.

The response is measured at the nodes and in the directions that
correspond to the largest acceleration amplitudes in the first and third
modes in the original undamped truss. The excitation is assumed to
have a flat spectrum and a unit amplitude. This allows us to use
transfer functions from excitation force to response accelerations as
a substitute for the accelerations themselves. The transfer functions
//(1) and //(3) corresponding to the two measurement points are
defined as

(3)

(4)
/(icy)
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Fig. 5 Frequency windows and amplitude limits.

where w (1) and w(3) are displacements, / is the excitation force, co
is the frequency, i = V (—l)> and a dot denotes differentiation with
respect to time.

The upper limits on //(1) and //(3) are set to the same level
Hum (i.e., H{P = H^ = //iira) in two frequency windows, cov-
ering the two modes of interest (modes 1 and 3). This is illustrated
in Fig. 5.

The optimization problem then consists of finding optimal loca-
tions of a maximum of 10 added masses and optimal locations and
directions for one damper of each type to limit the magnitude of the
transfer function at the specified response measurement points.

The deterministic formulation seeks to maximize the safety mar-
gin a associated with the limit on the acceleration. It can be formu-
lated as

Maximize
damp.loc., damp, dir.,

mass loc.

(5)

such that number of masses < 10, where H^, and H®^ stand for
the peak value of //(1) in the first frequency window, which covers
the neighborhood of the first mode, and the peak value of H(3} in the
second frequency window, which covers the neighborhood of the
third mode. They are evaluated for nominal (mean) damper proper-
ties. A negative value of the safety margin a corresponds to a design
that violates at least one of the constraints on response accelerations.
The use of the max function leads to nonsmooth objective function
that creates numerical difficulties for gradient-based optimizers but
not for genetic algorithms.

The corresponding probabilistic formulation minimizes the prob-
ability Pf that the transfer function peak can exceed a threshold H\\m :

Minimize
damp.loc., damp. dir.,

mass loc.

P = > HKm or H^k > HRm] (6)
' J

such that number of masses < 10.

Genetic Optimization
The deterministic and the probabilistic optimizations use the same

14 design variables: the locations of the 2 dampers, the orientation
of these 2 dampers on the node, and the locations of a maximum of
10 masses.

We use the standard mounting holes of the nodes to attach the
dampers so that only nine discrete directions are feasible. The lo-
cations of the masses and dampers are restricted to the nodes of
the truss so that all 14 design variables are discrete. For this rea-
son we used genetic algorithms for the optimizations. The same
algorithm is used for the deterministic and probabilistic cases; only
the objective function differs. All deterministic analyses and Monte
Carlo simulations were performed using the two-mode models and
approximate mode shapes. The approximate mode shapes are ob-
tained from the mode shapes of the original truss (without dampers
or tuning masses), using a first-order correction for the effect of the
tuning masses.

The genetic algorithm uses the three classical genetic operators
(selection, crossover, and mutation) and an elitist strategy where the

best individual of a population is always cloned into the next genera-
tion. The selection uses the ranking technique where the probability
of selection of an individual is proportional to one plus the popu-
lation size minus its rank in the population. Details on the genetic
optimization algorithm can be found in Ref. 12.

Contrast Maximization
Our goal is to evaluate the difference in reliability between the

deterministic and the probabilistic approach. Measuring probabili-
ties of failure in the laboratory is time consuming, and measuring
very small probabilities or very small differences in probabilities
of failure requires a prohibitively large number of experiments. For
this reason, we had to identify a design problem that leads to alterna-
tive designs with a significant difference in probabilities of failure.
To find such a design problem we carried on a process known as
antioptimization7"11 (because it often seeks conditions that make
one model look bad) or contrast maximization, because it maxi-
mizes the contrast between the two design approaches.

Antioptimization requires a number of problem parameters that
can be varied to achieve the increased contrast. For our problem
we selected the mean values of the natural frequencies of the two
types of dampers (the amount of mistuning), the failure limit //lim
(the stringency of the requirements), and the relative magnitudes
of the scatter in the parameters of the two types of dampers. The
antioptimization process was also performed with the aid of genetic
algorithms (see Ref. 12 for details).

The contrast maximization procedure identified the following
problem that gives the largest difference between the probabilities
of failure of the probabilistic design and that of the deterministic
design: type-1 dampers should have an average natural frequency
of 110 Hz (overtuned) with a small coefficient of variation of about
1.5%, type-3 should have a mean natural frequency of about 182
Hz (undertuned) with a coefficient of variation of about 3.5%, and
the failure limit H\\m should be equal to 6.5 m/s2N. The optimum
deterministic and probabilistic designs will represent different com-
promises between improving the behavior of mode 3 and degrading
the behavior of mode 1 (since adding masses can only reduce natural
frequencies).

Results
Damper Parameters

We manufactured 29 dampers of each type. The parameters of
these dampers were measured once after fabrication. The statisti-
cal distributions of the measured parameters were approximately
normal but did not exhibit the desired mean values and standard de-
viations (as determined from the contrast maximization procedure).
For the natural frequency, which is the most important parameter
affecting the performance of the dampers, we wanted to obtain the
desired distribution. To achieve this we sampled these distributions
with a uniform step size in probability. We then evaluated approx-
imate adjustments of the tip screws of the individual dampers that
would realize these desired distributions. The dampers were then ad-
justed and remeasured. Therefore, the resulting samples of dampers
are not random samples; rather, they are discretized representations
of the desired distribution of the natural frequency. The preceding
procedure is along the lines of stratified sampling.18 Obviously, the
distributions of the other damper parameters were also altered by
the adjustment of the tip screws.

Because the dampers use viscoelastic foam, their characteristics
depend strongly on temperature. The effect of temperature changes
on the identified parameters was measured to be about 9%/°C on the
loss factor, —0.9%/°C on the natural frequency, and 0.7%/°C on the
identified tip masses. To protect ourselves from this effect, we use a
temperature stabilization system that maintains the temperature of
the laboratory at 24.4°C (76°F) on average with a rapid oscillation of
±0.8°C (±1.5°F). The period of that oscillation is about 15 min. All
measurements are repeated three times and averaged to reduce the
effect of the small temperature oscillation and other measurement
errors.

The resulting samples of parameters were used to evaluate the
means, standard deviations, coefficients of variation, and correlation
coefficients between parameters for both types of dampers. Tables 1
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Table 1 Type-1 dampers, statistics (sample of 29) of
tip mass m, natural frequency/n, and loss factor 77

________Parameter________
™ fn V

Type-3 damper:

Mean
COV, <

7.075 g
1.11

109.97
1.59

Hz 0.12604
5.37

Correlation coefficients
m 1.000
fn
T)

0.693
0.689

1.000
0.375 1.000

Table 2 Type-3 dampers, statistics (sample of 29) of
tip mass m, natural frequency/n, and loss factor rj

_________Parameter________
m fn *1

Mean
COV,c

7.340 g
1.29

180.16 Hz
3.09

0.15811
6.32

Correlation coefficients
m 1.000
fn 0.697
r] 0.511

1.000
0.016 1.000

S.

99.99
99.9

90

50

10

1
.1

.01
104 106 108 110 112 114

Natural Frequency [Hz]

Fig. 6 Distribution of type-1 dampers natural frequencies. Straight
line is root-mean-square fit corresponding to normal distribution.

and 2 list these values for types 1 and 3, respectively. Figure 6 shows
a normal probability plot of the measured distribution of the natural
frequencies of the 29 type-1 dampers. The scale used on the proba-
bility axis is such that a perfectly normally distributed sample would
lie on a straight line. The respective plots for the remaining two ran-
dom parameters of type-1 dampers and for all three parameters of
type-3 dampers look similar. The figure shows that the normalcy
assumption used in the statistical analysis is justified.

Validation and Calibration of Analytical Models
We performed two series of tests on a few dampers of each type,

chosen among the 29 available to cover the whole range of the
parameter distributions. The parameters of each damper were mea-
sured three times and averaged to reduce experimental errors and
temperature effects. The resulting sets of parameters were used to
predict analytically the peak of the frequency response curve of
the original truss (no tuning masses) with a damper at the location
and in the direction corresponding to the largest amplitude in its
target mode. The peak amplitudes were then measured. Again, the
measurements were repeated three times and averaged. The coef-
ficient of correlation between analytical and experimental results
was equal to 98.4% for type-1 and 99.8% for type-3. This indicates
that the model of the truss is precise. However there was a system-
atic mismatch between experimental measurements and numerical
predictions, which was detected when straight lines were fitted to
the experimental and analytical results. The results of both the full
analysis and the two-mode model were corrected using a linear trans-
formation to account for that systematic mismatch. The equations
used for the correction of the two-mode model are as follows.

Type-1 damper:

on- = 1.287/^-0.46 (8)

//con- = 0.94#anal- 0.71 (7)

where #anal is the analytically obtained peak of the frequency re-
sponse and 7/corr the corresponding corrected value.

Tuning Masses
We used 10 standard steel screws and nuts as tuning masses. Their

average mass is equal to 16.61 g with a sample COV, corresponding
to 10 samples, of about 0.4%. This very small scatter was neglected
so that the tuning masses were considered deterministic. Even when
all 10 tuning masses are added to the truss, the added mass represents
less than 3.8% of the mass of the original truss.

Optimization Results
During the optimizations, all analyses were performed using the

two-mode approximation. The final designs were then reanalyzed
using the full analysis. A deterministic optimum was obtained with
mean values for the damper parameters shown in Tables 1 and 2.
The deterministic design uses a total of seven masses. Six masses are
attached to node 7 and one to node 10. Type-1 and type-3 dampers
are attached to nodes 12 and 11, respectively. Since we minimize the
largest of these amplitudes and we do not penalize for the number of
tuning masses used in the design, the amplitudes of the two modes
tend to equalize in the optimum design.

The nominal amplitudes evaluated with the two-mode approxi-
mation are 4.408 m/Ns2 for mode 1 and 4.438 m/Ns2 for mode
3. This corresponds to a safety margin of 2.062 m/Ns2 from the
limit of 6.5 m/Ns2 . Reevaluated with the full analysis, the nominal
amplitudes are4.395 m/Ns2 for mode 1 and 4.172 m/Ns2 for mode
3. The probabilities of failure evaluated using Monte Carlo simu-
lation with 1000 samples and the two-mode approximation are 0%
for mode 1 and 17.5% for mode 3. The system probability of fail-
ure is 17.5%. Reevaluated with the full analysis the probabilities of
failure are 0% for mode 1 and 15.3% for mode 3. The system prob-
ability of failure is 15.3%. Note the large difference in probabilities
of failure between the two failure modes. This is because although
the deterministic optimization uses a uniform safety margin for all
failure modes the scatter of mode 3 is considerably larger than that
of mode 1 (see Fig. 7).

Using the data of Tables 1 and 2 for the statistics of the parame-
ters, we performed the probabilistic optimization. The final system
probability of failure was equal to 0.4% (0.1 % for mode 1 and 0.3%
for mode 3) as evaluated with the two-mode approximation. The
same design, reanalyzed with the full analysis, gives a probability
of failure of 0.6% (0.1% for mode 1 and 0.5% for mode 3). Again,
the difference is small enough to justify the use of the two-mode
approximation in the optimization. The probabilistic optimum de-
sign uses all 10 tuning masses. One of these masses is attached to
node 7 and nine to node 10. The damper locations are the same
as in the deterministic design. The nominal peak amplitudes of the
probabilistic design (evaluated with the two-mode approximation)
are 5.000 m/Ns2 for mode 1 and 2.290 m/Ns2 for mode 3. This
corresponds to a safety margin of 1.500 m/Ns2 from the limit of
6.5 m/Ns2. Notice that the probabilistic design has a substantially
reduced safety margin compared with the deterministic design.

Figure 7 compares the deterministic and probabilistic designs.
Specifically, the figure shows the histograms of the peak amplitudes
of the two failure modes (from Monte Carlo simulation with the
two-mode approximation) for each design. The dashed vertical line
in each histogram represents the failure limit (7/lim — 6.5 m/ Ns2).
For the deterministic design, all failures occur in the third mode,
due to the large scatter in the response of that mode. The first mode,
on the other hand, has been given too wide a safety margin; the tail
of the distribution is just touching the failure limit.

The probabilistic design represents another compromise for the
same design problem: the safety margin has been tailored to the mag-
nitude of the scatter in each mode. Compared with the deterministic
design, three more masses have been used. This has considerably
reduced the nominal peak amplitude of the third mode while slightly
degrading the response of the first mode. Notice also that the scatter
in mode 3 has been reduced.
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Table 3 Deterministic and probabilistic designs, comparison of experimental (sample of
29) and analytical results (Monte -Carlo, sample of 1000, two-mode approximation)

Deterministic

Mode 1, %
Mode 3, %
Total, %
[±lcr interval]

Analytical
0.0
17.5
17.5

[16.3... 18.7]

Experimental
0.0

17.2 (5 of 29)
17.2 (5 of 29)

Probabilistic
Analytical

0.1
0.3
0.4

[0.2 . . . 0.6]

Experimental
3.5(1 of 29)

0.0
3.5(1 of 29)

500

500

2 4 6 8 10 12
Peak acceleration (m/s2N)

14 2 4 6 8 10 12
Peak acceleration (m/s2N)

Fig. 7 Deterministic (left) and probabilistic (right) designs: distributions of peak amplitudes (Monte Carlo, sample of 1000, two-mode approximation).

Experimental Results
We prepared 29 sets of two absorbers by randomly selecting one

damper of each type (all dampers were used and none was used
twice). These 29 sets were used to create 29 realizations of each
design. Each realization was tested three times in the laboratory
and the measured peak amplitudes were averaged through the three
measurements (this averaging is intended to reduce the effect of
measurement errors and temperature changes). The probabilities
of failure were evaluated from these 29 values for each design by
counting the number of designs that violate the requirement on the
peak amplitudes. With a sample of 29 measurements, the resolution
of the probability measurement is about 3.45%. Since the difference
in reliability between the two designs is 17.1%, this resolution is
sufficient to measure the difference experimentally.

The results of the experiment are presented in Table 3. The exper-
imental probabilities of failure of the deterministic and probabilistic
designs are compared with predicted values from Monte Carlo sim-
ulations using 1000 points and the two-mode approximation. We
have also included in this table intervals of ±la on the total proba-
bility of failure. The standard deviation of the obtained probability
of failure was calculated using Eq. (2). We observe that the experi-
mental probabilities are within resolution error from the analytical
predictions.

Figures 8 and 9 show the cumulative probability curves for the
two failure modes of the deterministic and probabilistic designs,
respectively. Note that experimental results and analytical predic-
tions are close.

Sensitivity to Errors
It is observed from Fig. 9 that the probabilistic design is very

sensitive to the failure limit, which means that it is also sensitive
to modeling errors that result in underestimation of the transfer
function. For example, if we lower the failure limit from 6.5 to
6.0 m / Ns2, the probability of failure, according to the experimental
results, will become 20.7% (6 failures out of 29 realizations)—an
increase of 17.2%. A similar behavior is observed from the analytical
results, the only difference being that we need to lower the limit to
about 5.5 m/Ns2 to see that the design is sensitive. Specifically the
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Reduced fail, limits

Original fail, limit

Model (1000MC)
Mode 3(1000 MC)
Mode 1 (29 exper)
Mode 3 (29 exper)

2 3 4 5 6 7 8 9 1 0

Amplitude (m/s2N)

Fig. 8 Deterministic design: cumulative distributions.

failure probability increases from 0.4 to 19.7% when the failure limit
reduces from 6.5 to 5.5 m/Ns2 . This sensitivity can be explained
by the sharp form of the probability density function of mode 1 and
its high value at the failure limit (see Fig. 7). Note that probability
density is the derivative of distribution, and so if the density is high
at the failure limit, the probability will increase considerably if that
limit is reduced.

To reduce sensitivity to modeling error, we tried to model this er-
ror by multiplying the analytically predicted transfer functions by a
normally distributed random variable with a mean value of 1.0 and a
COV of 15%. These statistics represent an estimate of the modeling
error based on the experimental results. We then performed a prob-
abilistic optimization including the modeling uncertainties in the
analysis. The new optimum design was just slightly different from
the previous probabilistic optimum. One tuning mass moved from
node 10 to node 7, the new design had two masses on node 7 and
eight on node 10, and the damper locations were the same. The prob-
ability of failure of the new design was 6.3% at H\[m = 6.5 m/s 2N
and 30.9% at H\im — 5.5 m/s2N. The corresponding values of the
original design (reanalyzed including modeling uncertainties) were
6.6 and 31.6%, respectively. Thus, no significant improvement of
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Fig. 9 Probabilistic design: cumulative distributions.

the sensitivity was achieved by including the modeling uncertainties
in the model.

We then tried to include the sensitivity of the probability of failure
explicitly in the objective function of the probabilistic optimization
by modifying the objective of Eq. (6) as follows:

Minimize wPf
damp, loc., damp, dir.,

massloc.

- w)[Pf(5.5) - P/(6.5)] (9)

where w is a weighting parameter, representing a compromise be-
tween probability of failure and sensitivity to errors.

We performed a probabilistic optimization using the compromise
objective function and a value of w = 0.333. The compromise opti-
mal design had seven tuning masses at node 7 and three at node 10.
The locations of the dampers were the same as in the previous de-
signs. At H\im = 6.5 m/s2N the compromise design had a sig-
nificantly lower probability of failure (6.6%) than its deterministic
counterpart (17.5%). However, at //lim = 5.5 m/s2N the proba-
bility of failure of the compromise design (19.1%) is only slightly
better than that of the original design (19.7%), and so the compro-
mise design is less sensitive than the original design, but most of
the gain in sensitivity occurred at the expense of the probability of
failure at H\\m = 6.5 m/s2N. Therefore, we cannot really say that
the compromise design is better than the original design.

We believe that our inability to reduce the sensitivity of the prob-
abilistic design without a significant loss of performance is due to
two factors. First, the problem is rather simple with only two failure
modes and a single dominant random variable (tuning frequency).
Second, the design problem was optimized to maximize the differ-
ence between the probabilities of failure of the probabilistic and
deterministic designs.

Concluding Remarks
We have presented an analytical and experimental comparison

of probabilistic and deterministic design approaches for a damped
structure. The main sources of uncertainties have been identified and
their statistical properties evaluated from measurements. Two alter-
native designs corresponding to the same design problem have been
obtained from deterministic and probabilistic optimizations and
their reliabilities have been compared on the basis of analysis and
experiments. A combination of genetic algorithms, an efficient an-
alytical approximation analysis, and Monte Carlo simulations has
been used for the optimization. We have shown that, in some cases,
very large gains in reliability can be achieved by minimizing failure
probabilities instead of maximizing safety factors. The predicted
gains in reliability were validated in the laboratory by performing
repeated measurements on several realizations of deterministic and
probabilistic optimum designs.

However, we also found that the success of probabilistic opti-
mization depends on the quality of the models available and the

statistical information about the uncertainties in the system. If the
quality of the models and the statistical information is not sufficient,
the actual reliability of a probabilistic design is not guaranteed to
exceed that of a deterministic design.
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